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Field amplification and particle production due to parametric resonance are highly nontrivial
predictions of quantum fields that couple to an oscillating source during inflation and reheating.
Understanding this two effects is crucial for the connection between the resonance phenomenon and
precise observational data. In this paper, we give a general and analytic analysis of parametric
resonance of relevant field modes evolving during inflation and reheating by using the uniform
asymptotic approximation. This analysis can provide a clear and quantitative explanation for the
field amplification and particle production during the resonance. The potential applications of our
results to several examples, including sound resonance during inflation, particle productions during
reheating, and parametric resonance due to self-resonance potentials, have also been explored. The
formalism developed in this paper is also applicable to parametric resonance in a broad areas of
modern science.
I. INTRODUCTION
Parametric resonance is a resonance phenomenon that
arises because some parameters of the system are vary-
ing periodically. In cosmology, it can occur in many sce-
narios during inflation and post-inflationary evolution.
During inflation, the parametric resonance of inflationary
perturbations can be induced by an effective oscillating
sound speed which provides a mechanism for producing
primordial black holes [1]. Similar resonance can also
be trigged by an excited heavy field and produces fea-
tures in the primordial spectrum and bispectrum [2–6].
After inflation, the oscillating inflaton field around its
potential minimum can lead to resonance in fields cou-
pled to it, giving rise to copious particle production in
various fields including standard model particles [7–9],
primordial magnetic fields [9], and gravitational waves
[10]. In addition, a self-resonance potential can produce
resonance in perturbations of inflaton itself and generate
gravitational waves that could be within the forthcoming
detections [11–14]. These complex and rich phenomena
can be directly connected to precise observations, and a
quantitative description and explanation of these reso-
nance effects is a key ingredient for establishing it.
Normally, the important nontrivial effects due to para-
metric resonance are the amplification of the associated
field modes and the corresponding particle productions
at certain frequency ranges. Existing approaches for
studying these two effects are either limited to numer-
ical simulations or semi-analytic but qualitative which
can be only applied to modes at resonance frequencies
with certain conditions. One of important analytical ap-
proaches, in which the resonance is formulated in terms
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of successive scattering on the parabolic potentials, has
been extensively adopted in the studying of the reso-
nance phenomenon during reheating [7, 15]. However,
the treatment of this approach is based on the expansion
of the parabolic like potential about its extreme points
in each oscillation, so in principle it is only applicable to
the broad type resonance [7, 15]. Our purpose in this
paper is to present a quantitative and general analysis
of parametric resonance of relevant field modes evolv-
ing during inflation and reheating by applying the uni-
form asymptotic approximation, an approximation that
has been verified to be powerful and robustness in cal-
culating primordial spectra for various inflation models
[16–31] and applications in quantum mechanics [32]. Our
analysis does not only provide a quantitative derivation
and explanation of the resonance conditions for the rele-
vant modes, but also provide physical explanation for the
field amplification and particle production rate which is
valid at all frequencies. Our results can universally de-
scribe all the three types of the parametric resonance: the
tachyonic, broad, and narrow resonances. This in turn
provides a significant generalization of the analytical re-
sults obtained by using the successive parabolic scatter-
ing method in [7, 15], which is only valid for the broad
resonance. Applications of our results to sound resonance
during inflation, particle productions during reheating,
and parametric resonance due to self-resonance potential
have also been explored. Details of the formalism and
calculations will be reported elsewhere.
II. UNIFORM ASYMPTOTIC
APPROXIMATION FOR MATHIEU EQUATION
A. Approximate solution
The evolution of associated field mode uk during infla-
tion and reheating can be formally put in the form of the
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FIG. 1. A a schematic diagram for the j-th and j + 1-th
oscillations for the case with Ak < 2q.
so-called Mathieu equation [33] 1
d2uk
dx2
+ (Ak − 2q cos 2x)uk = 0. (1)
Here we consider the two parameters Ak and q as con-
stant but as long as they are not varying too rapidly the
assumption is reasonable. The field modes uk can has
different meanings in different cosmological contexts and
we will give its specific definition later in Sec. IV, when
we discuss the parametric resonance with specific exam-
ples.
In order to apply the uniform asymptotic approxima-
tion, let us write the above equation into the standard
form [17, 34, 35]
d2uk
dx2
= {g(x) + q(x)}uk (2)
with g(x)+q(x) = 2q cos 2x−Ak. Since the combination
g(x) + q(x) is regular, we can always choose q(x) = 0
[17, 34, 35]. With this choice, we have
g(x) = 2q cos 2x−Ak, (3)
which is a periodic function, and in each oscillation, it
has two turning points. Here we use j to label the j-th
oscillation, and the location of cos 2x = 1 is at xj dur-
ing this oscillation. Then the corresponding two turning
points (i.e. g(x) = 0) are given by,
x±j = ±
1
2
arccos
Ak
2q
+ xj . (4)
Obviously, the two turning points could be both real and
single (Ak < 2q), double (Ak = 2q thus x
−
j = x
+
j ), and
complex conjugated (Ak > 2q thus x
−
j = (x
+
j )
∗). We
note that xj is the real part of x
±
j when they are com-
plexed conjugated. Fig. 1 provides a schematic diagram
1 The formalism developed in this paper can be easily extended to
parametric resonance with other type equations, for example, to
that with Lame´ equation.
for the j-th and j + 1-th oscillation for the case with
Ak < 2q where the corresponding two turning points in
each oscillation are both real.
Since the function g(x) is periodic, the general solu-
tion in each oscillation should take the same form. For
this reason, we can only focus on the solution in the j-th
oscillation, in which the function g(x) has two turning
points. Following [17, 35], we find that the general ap-
proximate solution of (2) in the j-th oscillation can be
constructed in terms of parabolic cylinder function as
ujk =
(
ζ2j − ζ20
−g(x)
) 1
4 [
ajW
(ζ20
2
,
√
2ζj
)
+ bjW
(ζ20
2
,−
√
2ζj
)]
,
(5)
where
ζ20 =
2
pi
∫ x+j
x−j
√
g(x)dx =
4
pi
√
2q −AkE(X ,Y), (6)
X ≡ (i/2) ln[(Ak − i
√
4q2 −A2k)/(2q)], (7)
Y ≡ 4q/(2q −Ak)], (8)
with E(X ,Y) denoting the incomplete elliptic integral of
the second kind. The relation between variables ζj(x)
and x during the j-th oscillation is chosen such that ζ2j −
ζ20 has the same types of zeros at the same places as
those of g(y). In each oscillation, the two zeros ζj(x
±
j ) =
±ζ0 of the variable ζj exactly correspond to x±j . In this
way, (ζ2j − ζ20 )/g(x) is ensured to be a regular function
in each oscillation and the relation between ζj and x can
be determined via [17, 35]∫ x
Re(x±j+1)
√
|g(x′)|dx′ =
∫ ζ
±Re(ζ0)
√
|ζ ′2 − ζ20 |dζ ′. (9)
Obviously the sign of ζ20 is also sensitive to the nature of
the turning points x−j and x
+
j . ζ
2
0 is positive when x
−
j
and x+j are both real, ζ
2
0 = 0 when x
−
j = x
+
j , and ζ
2
0 is
negative when x−j and x
+
j are complex conjugated.
The upper bounds of the errors of the approximate
solution (5) in each oscillation can be estimated from the
computation of the variation of the error control function
[17, 35],
I (ζj) =
∫ ζj
±ζ0
[
5ζ20
4|v2 − ζ20 |5/2
− 3
4|v2 − ζ20 |3/2
]
dv
−
∫ x
x±j
[
q(x˜)
g(x˜)
− 5g
′2(x˜)
16g3(x˜)
+
g′′(x˜)
4g2(x˜)
]√
|g(x˜)|dx˜.
(10)
Based on the analysis of it, one in principle can improve
the approximate solution (5) through two ways. One way
is to consider the high order uniform asymptotic approx-
imation by incorporating the effects of I (ζj) into the
approximate solution (5), and the other way is to mini-
mize I (ζj) by choosing q(x) properly. We will consider
both ways to improve the approximation in our future
works.
3B. Validity of the adiabatic condition
During oscillations, the non-adiabatic evolution can
occur due to the presence of the turning points and the
extrema in each oscillation. Before we study the par-
ticle production and field amplification due to the non-
adiabatic evolution, we would like first to provide a qual-
itative analysis of the adiabaticity of the field mode uk
by using WKB approximation.
In general, the solution of the field mode uk of the
equation
d2uk
dx2
+ w2(x)uk = 0, (11)
can be approximately given in terms of the WKB solu-
tions
uwkbk (x) '
αk√
2w
e−i
∫
wdx +
βk√
2w
ei
∫
wdx, (12)
if the adiabatic condition is satisfied. In order to seek
the adiabatic condition, we substitute the WKB solution
into (11) and find,
d2uwkbk
dx2
+ w2(x)
(
1− w
′′
2w3
+
3w′2
4w4
)
uwkbk = 0. (13)
Therefore, for the WKB solution (12) to be a good ap-
proximation to the field mode uk, the adiabatic condition
0 =
∣∣∣∣3w′24w4 − w′′2w3
∣∣∣∣ 1 (14)
has to be satisfied.
Note that for the Mathieu equation (1), we have
w2(x) ≡ Ak − 2q cos 2x = −g(x), (15)
and the function 0 measures how well (0  1) or how
bad (0 > 1) the adiabaticity of the field modes uk is dur-
ing the oscillations. Then the adiabatic condition 0  1
can be expressed in terms of g(x) as
0 =
∣∣∣∣ g′′4g2 − 5g′216g3
∣∣∣∣ 1, (16)
which obviously can be violated when g → 0. Depending
on the parameters (Ak, q), another case that violates the
adiabatic condition occurs in the region around the max-
imum point x = xj and the minimum point x = xj +pi/2
of g(x) in each oscillation. Around the maximum point
xj , it is easy to check that
0 '
∣∣∣∣ g′′(xj)4g2(xj)
∣∣∣∣ = 2q(Ak − 2q)2  1 (17)
leads to{
Ak >
√
2q + 2q, 0 < q ≤ 12 ,
0 < Ak < 2q −
√
2q or Ak >
√
2q + 2q, q > 12 .
(18)
Similarly, around the minimum point xj +
pi
2 of g(x), we
have
0 '
∣∣∣∣ g′′(xj + pi/2)4g2(xj + pi/2)
∣∣∣∣ = 2q(Ak + 2q)2  1. (19)
Thus in order to satisfy the adiabatic condition, the al-
lowed parameter space is{
Ak >
√
2q − 2q, 0 < q ≤ 12 ,
Ak > 0, q >
1
2 .
(20)
In Fig. 2 we plot the function 0 for three different reso-
nance types, the tachyonic resonance, broach resonance,
and narrow resonance respectively 2. In the following, by
using the allowed parameter space derived in the above,
we would like to find out the adiabatic regions that can
be used to define the number of particle productions for
each cases.
1. Ak < 2q
For this case, g(x) has two real turning points and
around these points the adiabatic condition (16) is ob-
viously violated (0 → ∞). Around the maximum point
xj , because w is purely imaginary such that the field
mode uk is a combination of the growing and decaying
solutions even if the adiabatic condition is satisfied. This
implies uk around xj is purely classical and there is no
concept of particle associated with it. Therefore, the only
region (the green region in the top panel of Fig. 2 that
could satisfy (16) and use (12) to define particle number
is around the minimum point xj + pi/2 of g(x) provided
that (Ak, q) is in the allowed parameter space (20) with
Ak < 2q.
2. Ak & 2q
For this case, g(x) has two coalescing complex conju-
gated turning points. The real part of turning points are
also very close to the maximum point xj . Around xj , it
is easy to see from (17) and the middle panel of Fig. 2
that the adiabatic condition is strongly violated. Around
the minimum point xj + pi/2 of g(y), similar to the case
with Ak < 2q, the adiabatic condition can be fulfilled
provided that (Ak, q) is in the allowed parameter space
(20) with Ak & 2q. Thus the particle number can only
be defined using (12) in the region around xj + pi/2, as
shown in the green region in the middle panel of Fig. 2.
It is interesting to note that the green region of variable x
in this case is larger than that in the case with Ak < 2q.
2 We will define these three types of resonances in Sec. III
43. Ak  2q
In this case, because q  1, 0 is always very small
so that the adiabatic condition is completely fulfilled.
Therefore, the particle number can be defined using (12)
during the whole region in each oscillation, as shown by
the green region in the bottom panel of Fig. 2.
In summary, in order to use (12) to compute the par-
ticle number associated with uk, one has to impose two
requirements: the adiabatic condition (16) and the real
frequency w. According to the analysis in the above, the
best place that can be used to define the particle no-
tion for all the above three cases is the region around the
minimum point xj with (Ak, q) satisfies (20). In Fig. 3,
we display the parameter space of (ak, q) (the purple re-
gion in the figure) that satisfies the adiabatic condition
0 < 1 at the minimum point xj + pi/2. The small space
of (Ak, q) (the blue region in the figure) that does not sat-
isfy the adiabatic condition corresponds to small values
of Ak, which is out of the scope of the current paper be-
cause most of systems with parametric resonance in the
reheating process are related to Ak ≥ 1. In this paper,
we only focus on the case with Ak ≥ 1.
C. Particle production rate and the field
amplification
In this subsection, we derive the general expression for
both the particle production and the field amplification
by using the approximate solution (5) of ujk(x). Connect-
ing the two nearby oscillating regions, namely connecting
ujk and u
j+1
k , gives the recursion relation between the co-
efficients (aj+1, bj+1) and (aj , bj),(
aj+1
bj+1
)
=
(
κ sinB, − cosB
cosB, κ−1 sinB
)(
aj
bj
)
, (21)
where
κ =
√
1 + epiζ
2
0 − epiζ20/2, (22)
and
B = 2i
√
2q −Ak[E(X ,Y)− E(Y)] + pi
2
+ 2φ
(
ζ20
2
)
,
(23)
when x±j are both real, and
B = 2
√
2q −AkE(Y) + pi
2
+ 2φ
(
ζ20
2
)
, (24)
if x±j are complex conjugated.
With above recursion relation, we are able to esti-
mate the particle production rate during oscillations. A
standard way for this purpose is to implement canon-
ical quantization of the field mode uk(x), which sat-
isfies the standard normalization condition 〈uk, uk〉 =
i(u∗ku˙k − u˙∗kuk) = 1. When the adiabatic condition is
g(x)ϵ0
xj - xj xj + xj +π
2
xj+1- xj+1 xj+1+
-2
0
2
4
g(x)ϵ0
xj xj +π
2
xj+1-2
0
2
4
g(x)ϵ0
xj xj +π
2
xj+1
0
FIG. 2. The quality function 0 which measures the adia-
baticity of the field modes for three types of resonance. The
range of x in the green region is the interval in each oscillation
that the adiabatic condition 0  1 is fulfilled and the num-
ber of particle is meaningful. Top panel: tachyonic resonance
(Ak < 2q) with Ak = 1 and q = 1.2. Middle panel: broad res-
onance (Ak & 2q) with Ak = 1 and q = 0.42. Bottom panel:
Narrow resonance (Ak  2q) with Ak = 1 and q = 0.05.
fulfilled, one can expand the field mode in terms of adia-
batic positive and negative frequency modes. In this way,
if the initial state of the field mode is described by the adi-
abatic positive frequency mode, then the non-adiabatic
evolution of the field mode due to the parametric res-
onance can lead to the generation of the excited state,
which is a mixture of both the positive and negative fre-
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FIG. 3. The parameter space (the purple region) of (Ak, q)
that satisfies the adiabatic condition 0 < 1 at the minimum
point xj + pi/2.
quency mode. The information of the particle production
rate can be extracted from the projection of this excited
state onto the adiabatic negative frequency modes [31].
As we have mentioned above, these non-adiabatic evo-
lutions of the field mode leads to conspicuous particle
production. This is also the main mechanism for the field
amplification and particle production during the reheat-
ing. In order to calculate the particle production rate
and field amplification during the parametric resonance,
we first need to expand the field uk in terms of both the
adiabatic positive and negative frequency modes in the
adiabatic region. Around the end of the j + 1-th oscil-
lation (i.e. x = xj+1 + pi/2), as we shown in the above
subsection, the adiabatic condition is fulfilled if (20) is
satisfied and we can expand the approximate solution of
mode function uk(x) as
uk(x) =
αj+1√
2(−g)1/4 e
−i ∫ x
xj+1+
pi
2
√
−g(x′)dx′
+
βj+1√
2(−g)1/4 e
i
∫ x
xj+1+
pi
2
√
−g(x′)dx′
, (25)
where αj+1 and βj+1 are two Bogoliubov coefficients,
which can be related to aj+1 and bj+1 by comparing both
the uniform asymptotic approximate solution and WKB
solution near the end of the j+ 1-oscillation. The modes
u¯±k (x) =
1√
2(−g)1/4 e
∓i ∫ x
xj+1+pi/2
√−gdx′
denote two basic adiabatic positive and negative fre-
quency modes. With this procedure, the particle pro-
duction rate nj+1k can be calculated via
nj+1k = 〈u¯−k , uk〉〈uk, u¯−k 〉 = |β2j+1|, (26)
which leads to the following recursion relation,
nj+1k = e
piζ20 + (1 + 2epiζ
2
0 )njk + 2e
piζ20/2
√
1 + epiζ
2
0
×
√
njk(1 + n
j
k) cos (2Θ + 2B− phαj + phβj),
(27)
where Θ = −B/2. This result is general and accurate,
which can be also approximately reduced to those given
in [7, 15] with condition ζ20 . 0.
Using the recursion relation (21), one could relate the
(j + 1)-th oscillation to (j + 1−N)-th oscillation via
aj+1 + Y±bj+1 = ZN± (aj−N + Y±bj−N ), (28)
where
Y± = − secB
2κ
[
(κ2 − 1) sinB
±
√
(κ2 − 1)2 sin2 B− 4κ2 cos2 B
]
, (29)
Z± = − 1
2κ
[
(−1− κ2) sinB
±
√
(κ2 − 1)2 sin2 B− 4κ2 cos2 B], (30)
with Y+Y− = 1 = Z+Z−. This relation helps us to deter-
mine the coefficients aj+1 and bj+1 of the approximate
solution (5) from the initial state. Fig. 4 shows the evo-
lution fo the field amplification A(x) ≡ |uk(x)/uk(x1 −
pi/2)|2 from analytical solution (5) with coefficients de-
rived from (28) that fits numerical results very well. How-
ever, we have to mention that, the relation (28) is only
valid when N is not vey large (N . 30 as shown by Fig. 4
for examples). If N is large enough, the small error of the
approximation can accumulate in each oscillation, thus it
will becomes large enough to destroy the validity of (28).
Formally, from (28) we can still derive both the field am-
plification Aj+1 = A(xj+1 +
pi
2 ) and particle production
rate nj+1k after j + 1 oscillations,
nj+1k =
[(Y+ + κ
2Y−)Z
j
+ − (Y− + κ2Y+)Zj−]2
4(Y+ − Y−)2κ2 , (31)
Aj+1 =
(Y 2+ + κ
2)(sin Θ + κY− cos Θ)2
κ2(Y+ − Y−)2 Z
2j
+
+
(Y 2− + κ
2)(sin Θ + κY+ cos Θ)
2
κ2(Y+ − Y−)2 Z
2j
−
− 2(1 + κ
2)(sin Θ + κY+ cos Θ)(sin Θ + κY− cos Θ)
κ2(Y+ − Y−)2 .
(32)
Here we assume the oscillations start at x1 − pi2 and the
field mode uk is at the BD vacuum state at this point.
As we mentioned, these formulas are accurate only when
the number of oscillations j + 1 is not very large. For
large number of oscillations, these formulas will be not
accurate enough but can show great insight qualitatively
in the analysis of resonance as we shown later.
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FIG. 4. The analytic (red curve) and numerical (blue
dashing curve) evolutions of the field amplification A(x) =
|uk(x)/uk(x1−pi/2)|2 at resonance bands during several num-
ber of oscillations. Top panel: tachyonic resonance during
the first 10 oscillations. Middle panel: broad resonance dur-
ing the 5-th to the 20-th oscialltions. Bottom panel: narrow
resonance during the 15-th to 30-th oscillations.
III. CONDITIONS FOR PARAMETRIC
RESONANCE
We are interest in amplification of the field mode uk
during the parametric resonance. Normally, the strength
or the amount of the field amplified during the process is
very sensitive to the parameters Ak and q. The essential
conditions for the resonance are those lead to the growing
of modes in every oscillation. With this consideration,
one has to require that
|Z+| > 1 or |Z−| > 1. (33)
Since Z+Z− = 1, we observe that |Z±| = 1 when Z± are
complex conjugated. Thus for the field mode uk growing
in every oscillation, Z± have to be both real, which in
turn leads to the requirement of positivity of terms under
the square root of Z±, that is
tan2 B > e−piζ
2
0 . (34)
This leads to
npi + arctan
(
e−
piζ20
2
)
< B < npi + pi − arctan(e−piζ202 ),
where n is an integer which defines a series of instability
bands labeled by n. From this condition, we can derive
Ak<2qAk > 2 q
tachyonic
resonance
   broad 
resonanc
  narrow
resonance
-�� -� � ����
���
���
���
���
���
ζ� �
���
��Δ�
/π
FIG. 5. The fraction width ∆B/pi in the region of parametric
resonance as a function of ζ20 .
the width of the B in each instablity band, which is
∆B = pi − 2arctan(e−piζ20/2). (35)
This shows explicitly that the width ∆B in each band
essentially depends on ζ20 as shown in Fig. 5.
Depending on the value of ζ20 , the instability bands can
be divided into three different cases, the tachyonic reso-
nance, the broad resonance, and the narrow resonance,
as shown in Fig. 5. The evolution of A(x) with the three
representative cases have been illustrated in Fig. 4 by
comparing analytic and numerical results.
A. Tachyonic resonance
The tachyonic resonance corresponds to the modes
with 0 < Ak < 2q, thus g(x) has two real turning points
in each oscillation and ζ20 > 0. These modes cross peri-
odically the tachyonic region (g(x) > 0) which leads to
exponentially growing for most of modes during each os-
cillation (c.f. the top panel of Fig. 4). It can provide an
important mechanism for the physical constructions of
the tachyonic preheating models after inflation, see [36–
39] and references therein. For modes with epiζ
2
0  1, we
find
n
(j+1)
k ' e(j+1)piζ
2
0 (4 sin2 B)j , (36)
Aj+1 ' 4e(j+1)piζ20 (4 sin2 B)j sin2 Θ. (37)
We observe that the particle production and field am-
plification are both exponentially enhanced which arises
from two effects: the value of epiζ
2
0 and the number of
oscillations. The corresponding amplification becomes
dramatically enhanced as epiζ
2
0 increases.
The analytical analysis of the tachyonic resonance has
also been performed in the studying of the the tachyonic
preheating process after the inflation by using WKB ap-
proximation [38, 39]. The particle production rate nk
7after j+ 1 oscillations of inflaton reads (Eq. (16) in [39])
n
(j+1)
k ' e2(j+1)Xk(2 cos Θk)2j (38)
with Xk = piζ
2
0/2 and Θk = B + pi/2 − φ(ζ20/2). Con-
sidering φ(ζ20/2) 1 for epiζ
2
0  1 [33], we find sin2 B '
cos2 Θk. Therefore we observe that the expression (36)
which derives from (31) recovers the results in [39] when
epiζ
2
0  1 for tachyonic preheating scenarios. These re-
sults have been shown to be very accurate [38, 39] in
comparison with numerical results for a lot of concrete
tachyonic preheating models and thus also provides an-
other support for our approximation derived in this pa-
per. It is also worth noting that, while the validity of the
results derived in [38, 39] are limited to the tachyonic
resonance with epiζ
2
0  1, the general results in eqs. (31)
and (32) are valid for all three types of resonances.
B. Broad resonance
The broad resonance corresponds to the modes with
Ak & 2q, for which g(x) has two coalescing complex con-
jugated turning points and ζ20 . 0. For this case, the
growth of the modes is weaker than that in the tachy-
onic instability band (c.f. the middle panel of Fig. 4).
However, the amplification of the field modes can still be
very efficient after a lot of oscillations. In fact, the broad
resonance is the essential building block for understand-
ing the copious particle productions and field amplifica-
tion during the reheating phase right after the inflation
[7, 8, 15]. For broad resonance, the particle production
for field mode uk in the instability band is sufficient af-
ter a few number of oscillations. With this fact we have
njk  1, thus we can express the recursion relation for
particle production rate in (27) as
nj+1k ' njke2piµ
j
k , (39)
where µjk is the growth index and is given by
µjk '
1
2pi
ln
[
1 + 2epiζ
2
0 + 2epiζ
2
0/2
√
1 + epiζ
2
0
× cos(2Θ + 2B− phαj + phβj)
]
. (40)
This result is similar to that obtained in [7, 15] (c.f. Eq.
(16) in [15] and (58) in [7]) by applying the theory of
parabolic scattering but in fact they are not exactly the
same. This is because the results in [7] can be only con-
sidered as a specific case of our results by expanding (3)
about the xj as
g(x) ' g0 + 1
2
g2(x− xj)2. (41)
With this expansion and dropping φ(ζ20/2) terms in the
expressions of B and Θ since φ(ζ20/2)  1, it is easy to
show that (40) can exactly reduce to that in [7]. Since
the results in [7] has been verified to be very accurate
when the expansion (41) is justified by comparing with
numerical results, it also provides another check for our
results. In addition, the analytical results in [7] are only
valid for modes inside the broad resonance band, but
our results in (40) is a direct conclusion from a more
general expression (27) that applies to all the three types
of resonances.
C. Narrow resonance
Another interesting case is the narrow resonance which
corresponds to Ak  2q and epiζ20  1. For this case, B
approximately lies in a very narrow region(
n+
1
2
)
pi − epiζ20/2 < B <
(
n+
1
2
)
pi + epiζ
2
0/2,(42)
and its width can be approximately expressed as ∆B '
2epiζ
2
0/2. From (42), by dropping terms with epiζ
2
0/2 we
observe that the resonance bands approximately locate
at B ' npi + 12pi, which gives Ak ' n2. This implies the
resonance only happens at the narrow ranges of Ak and q
around Ak ' n2. The particle production rate and field
amplification for this case are given by
n
(j+1)
k =
1
4
(√
1 + epiζ
2
0 + epiζ
2
0/2
)2j+2
, (43)
Aj+1 ' 1
2
(√
1 + epiζ
2
0 + epiζ
2
0/2
)2j+2
. (44)
Although epiζ
2
0/2  1, the particle production and field
amplification can still be enhanced if there are a large
number of oscillations (c.f. the bottom panel of Fig. 4).
For a fixed value of q, ζ20 is monotoning decreasing with
respect to Ak. This indicates that for the same number
of oscillation, the modes in the first band (n = 1) is more
significant than others.
IV. COMMENTS ON PARAMETRIC
RESONANCE DURING INFLATION AND
REHEATING
The formalism developed in the above can be applied
to a lot of scenarios that are related to the inflationary
cosmology. Here we consider its potential applications to
three examples: the sound resonance during inflation [1],
the particle production during reheating [7, 8], and the
generations of oscillons for a self-resonance inflaton field
[11, 12].
The sound resonance is studied recently in [1], which
leads to a novel resonance mechanism for generations of
large curvature perturbations Rk during inflation. In
general, the evolution of the Fourier mode uk = zRk
associated with the curvature perturbation Rk during
the slow-roll inflation obeys the following perturbation
equation,
d2uk
dτ2
+
(
c2sk
2 − z
′′
z
)
uk = 0, (45)
8where z =
√
21a/cs with 1 = −H˙/H2, τ denotes
the conformal time, and cs represents the nontrivial
sound speed of the perturbation mode. In the sound
resonance model proposed in [1], the authors consider
a phenomenological parametrization of c2s in the form
c2s = 1− 2ξ[1− cos (2k∗τ)] with ξ is the amplitude of the
oscillation and k∗ is the oscillation frequency. Consider-
ing that the amplitude ξ of the oscillation is assumed to
be very small, then the equation of motion for the pro-
pogating mode uk = zRk on sub-Horizon scales can be
casted into the Mathieu equation (1) [1],
d2uk
dx2
+ (Ak − 2q cos 2x)uk = 0
with Ak = k
2/k2∗+2q−4ξ, q = 2ξ−ξk2/k2∗, and x = k∗τ .
Applying the formulas of the amplification, we find that
the primordial perturbation spectrum can be estimated
by
PR(k) ' Aj+1 ×As
(
k
kp
)ns−1
, (46)
where As =
H2
8pi2M2Pl
is the amplitude of power spectrum
as in the standard slow-roll inflation, ns is the corre-
sponding spectral index at pivot scale kp and the field
amplification Aj+1 can be interpreted by (32) with the
number of the oscillations given by j+ 1 = k∗pik (e
∆N − 1),
where ∆N denotes the number of e-folds from the be-
ginning of oscillation to the horizon crossing for mode k.
This, on the other hand, provides the second explanation
of the significance of the first band (n = 1) since it has
more oscillations than other bands.
After inflation, the inflaton φ(t) becomes oscillat-
ing around the minimum of its potential, i.e., φ(t) '
φ¯ sin (mφt). This oscillating behavior leads to paramet-
ric resonance during the early stages of reheating, giving
rise to copious particle production in fields coupled to it.
For simplicity, we consider the coupling of the inflaton
to the scalar field χ, through an interaction term of the
form,
V (φ, χ) =
1
2
mφφ
2 +
1
2
g2φ2χ2, (47)
where g denotes the coupling between the inflaton field
φ and the scalar field χ. Then the equation of motion for
the Fourier mode χk obeys the modified Klein-Gorden
equation,
d2χk
dt2
+ 3H
dχk
dt
+
(
k2
a2
+ g2φ2(t)
)
χk = 0, (48)
where t denotes the cosmic time. Defining uk = a
3/2χk,
this equation can be approximately described by (1),
d2uk
dx2
+ (Ak − 2q cos(2x))uk = 0,
with Ak = 2q + k
2/(m2φa
2), q = g2φ¯2/(4m2φ), and
x = mφt. In deriving this we neglected − 34 (2a¨/a+a˙2/a2),
which is not important relative to the g2φ2 term during
preheating [40]. The particle production rate |nj+1k |2 can
be analyzed from (31) with the number of oscillations
j + 1 = mφt/pi. The strength of resonance depends on
Ak and q. Small q(. 1) corresponds to narrow resonance
for which the width of the instability band is very small
as shown in Fig. 5. For large q( 1) the broad reso-
nance can occur for a wide range of the parameter space.
The tachyonic resonance is also allowed during reheating
process if one replaces the interaction (1/2)g2φ2χ2 by
(1/2)gφ2χ2 and allows g < 0. When |g| is large enough
to make Ak < 2q, then the tachyonic resonance occurs
for which both the particle production rate and field am-
plification can be dramatically enhanced [36–39].
The oscillating inflaton can also become self-resonance
if it has a self-resonance potential, with which the inflaton
field perturbations δφk obeys the equation of motion,
δφ¨k + (k
2/a2 + V ′′(φ))δφk = 0, (49)
and can be amplified as the inflaton oscillates about the
minimum of its potential. Since V ′′(φ) is periodical for
these self-resonance potentials, they provide a similar
parametric resonance mechanism for amplifying δφk at
certain momentum space and generating the oscillons.
When the perturbation modes are initially displaced in
the tachyonic region (k2/a2 +V ′′(φ) < 0) and then enter
periodically into this region, these modes can be dramat-
ically amplified due to the tachyonic resonance. These
process have also been known as tachyonic preheating
and tachyonic oscillations as mentioned in [12]. For the
modes with k2/a2 +V ′′(φ) > 0 always satisfied, they be-
long to the parametric resonance with Ak > 2q and the
resonating amplification can only occur at certain ranges
of frequencies that satisfy the resonance condition (34).
Such amplifications have gained much attentions recently
since it could provide interesting mechanisms for gener-
ating large GWs that could be detected by aLIGO-Virgo
networks [11, 13].
Note that we have treated Ak and q as constants. In
fact, they are decaying with the expansion of the Uni-
verse. In this case, the field modes in each oscillation
can still be given by (5) but with ζ0 → ζ(j)0 being dif-
ferent in each oscillation. Similarly one needs to make
substitute in each oscillation as B → Bj+1j , Y± → Y (j)± ,
Z± → Z(j)± , and κ → κj . With such extension, our
analysis developed in this paper can analytically trace
the whole evolutions of the corresponding field modes uk
starting from the tachyonic resonance (with large am-
plitude of inflaton field initially i.e. large q) until the
narrow resonance (small q  1). The decaying of the
oscillations also brings complications in determining the
resonance condition. This is because the modes may only
grow in some of oscillations, keeping non-growing in oth-
ers. Therefore, among all of oscillations, the essential
question now is to determine how many oscillations that
the relevant modes can be amplified. We would like to
address this issues in details in our future works.
9V. SUMMARY AND OUTLOOK
To summarize, we have presented a quantitative and
general analysis of parametric resonance of the relevant
field modes evolving during inflation and reheating. This
analysis gives a condition for the occurrence of the res-
onance and provides clear and quantitative explanation
for the field amplification and particle productions. Fur-
ther issues including the high-order approximations, ef-
fects of decaying oscillations, back reaction of quantum
fluctuations on the background spacetime metric, obser-
vational predictions of the resonating field modes can also
be studied based on our analysis. Our result is general
and simple to use, and has applications beyond the in-
flation related context, for example, to the production of
vector dark matter [41–43] by parametric resonance, to
the production of electron-positron pairs from vacuum by
a periodical laser pulses [44–46], and to nonequilibrium
quantum field theory [47, 48].
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